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Abstract—One of the most popular tuning procedures for
the development of fractional order controllers is by imposing
frequency domain constraints such as gain crossover frequency,
phase margin and iso-damping properties. The present study
extends the frequency domain tuning methodology to a gen-
eralized range of fractional order processes based on second
order plus time delay (SOPDT) models. A fractional order PI
controller is tuned for a real process that exhibits poorly damped
dynamics characterized in terms of a fractional order transfer
function with time delay. The obtained controller is validated
on the experimental platform by analyzing staircase reference
tracking, input disturbance rejection and robustness to process
uncertainties. The paper focuses around the tuning methodology
as well as the fractional order modeling of the process’ dynamics.
Index Terms—fractional order control, fractional order model,
time delay process, vertical take-off and landing
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I. INTRODUCTION
Fractional calculus represents the generalization of differen-
tiation and integration to arbitrary orders, representing an ex-
tension to the classical, integer-order differentiation developed
simultaneously by Newton and Leibniz in the 17th century
[1]. From the control point of view, fractional differentiation
provides a generalization of the well-known Proportional Inte-
gral Derivative (PID) controller [2]. Multiple advantages arise
such as increased degrees of freedom, allowing to satisfy a
wider set of specifications simultaneously, improved stability
and better robustness [3], [4].
Apart from the control development area, fractional calculus
also gained popularity in the field of system identification.
Complex high order dynamics can be illustrated by fractional
order models that exhibit less parameters than their integer
order alternatives. In addition, fractional differentiation allows
for a better representation of complex physical phenomena
such as viscoelastic material characteristics [5]–[7].
Time delay systems are widely met in industrial plants
such as distillation columns, thermal processes, steel man-
ufacturing, etc. The presence of time delay complicates the
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control development task by introducing an additional lag in
the frequency domain process’ phase. Several works such as
suggest that fractional calculus is a useful tool in controlling
time-delay systems, obtaining better performance than integer
order approaches [8], [9].
However, only a few studies tackle the tuning of fractional
order controllers for fractional order time delay systems and
all of them validate the controllers only through numerical
simulations. The study presented by [10] presents guidelines
for tuning fractional order PID controllers in order to stabilize
fractional order time delayed plants. Several numerical exam-
ples are provided in order to validate the proposed solution.
In [11], a sliding mode controller is designed and numerically
validated on an uncertain fractional order transfer function
with time delay. Adaptive fuzzy sliding mode control is
employed by [12] to control uncertain chaotic fractional order
systems. The simulation results provided validate the control
strategy in terms of robustness and disturbance rejection.
A fractional order PD (FOPD) controller is developed in
[13] for a delay fractional order transfer function with a
single fractional differentiation of 1/2. Numerical simulations
also validate the FOPD controller. Additionally, the CRONE
(Commande Robuste d’Order Non Entier) controller is also
a viable approach in developing robust control laws for time
delay systems [14].
The present paper details a popular frequency domain tuning
procedure of fractional order PI (FOPI) controller designed for
second order based fractional order processes with time delay.
The novelty of the present study is the development of the
tuning methodology for this type of processes as well as the
practical implementation of the resulting controller. The study
is supported by real data acquired from a highly nonlinear,
poorly damped, time delayed process. The experimental plat-
form is chosen due to it’s complex nature that combines the
difficulties of controlling highly oscillatory processes withe
the difficulties encountered in time delay characteristics.
The paper is structured as follows: Section II illustrates the
possibilities of fractional order process modeling based on
experimental data, Section III details the frequency domain
tuning procedure of the FOPI controller for fractional order
time delayed (FOTD) processes, Section IV presents the
case study, detailing the experimental unit, the actual system
identification and controller development as well as presenting
the experimental data, while Section V concludes the paper.
II. EXPERIMENTAL FRACTIONAL ORDER
MODELING
Several fractional order modeling approaches are available
such as [15]–[17]. However, most of them involve complex
mathematical equations such as Levenberg-Marquardt or the
Oustaloup Recursive Approximation. Furthermore, not all the
available FO modeling strategies are appropriate for time
delayed systems. Hence, a simple and straightforward FO
modeling strategy is proposed based on mathematical opti-
mization and experimental data. A similar procedure for step
based fractional order identification of non-delay processes is
presented in [18], [19].
The modeling procedure involves determining an integer
order model that acts as a starting point for searching an
FO model with the same structure. The method can be easily
generalized to any order, but for the purpose of the present
study, only the development of the FO model based on the
second order transfer function will be illustrated.
The second order plus dead time (SOPDT) transfer function
can be written as
HSOPDT (s) =
k
ω2n
1
ω2n
s2 + 2ζωn s+ 1
e−τs (1)
where k is the gain, ζ is the damping ratio, ωn is the natural
frequency, τ is the time delay amount and s is the Laplace
operator. Note the fixed powers of s.
Equation (1) illustrates the second order dynamics scenario.
However, any order can be chosen and any transfer function
is viable as long as it meets the process’ needs. It is of high
importance to choose an appropriate model. For example, one
must never choose to represent an oscillatory response by a
first order model.
By applying an input signal such as a step or a sine wave,
experimental data can be acquired illustrating the system’s
dynamics. Second order plus time delay system identification
consists in determining the gain, damping ratio, natural fre-
quency and time delay based on the experimental data. A wide
variety of identification methods are available for second order
transfer functions and any method is suitable.
Generalizing the integer second order plus time delay model
into the fractional domain gives
HFOTF (s) =
kfo
asα + bsβ + c
e−τs (2)
where kfo is the new process gain, a, b, c are polynomial
parameters and α, β are fractional orders of differentiation.
Note that the powers of s aren’t fixed anymore, as was the
case of (1).
The fractional order identification consists in fitting candi-
date FO models to the experimental data with the purpose
of minimizing the mean squared error described by the cost
function J
J = min
∫ ∞
0
|xm(t)− x(t)|dx. (3)
The FO parameters are determined such that the difference
between an experimental measurement denoted by xm(t), and
the response of possible candidate model, x(t) is minimized
at time t.
The integer order model, denoted by HSOPDT (s), repre-
sents the starting point of optimization routine. The initial
values of the parameters are chosen such that kfo = kω2n ,
a = 1ω2n
, b 2ζωn , c = 1 and for the fractional orders α = 2 and
β = 1. In order to reduce computation time, eliminate false
positives and to ensure a final solution with physical meaning,
several constraints can be imposed on the FO parameters.
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III. FRACTIONAL ORDER PI TUNING
METHODOLOGY
The fractional order PI controller can be written as
CFOPI(s) = kp +
ki
sλ
(4)
where kp is the proportional gain, ki the integral gain and λ
is the fractional order of differentiation. Usually, λ is limited
to the (0, 2) interval. The controller’s transfer function from 4
gives the particular case of the integer order PI controller for
λ = 1.
The open loop system with the FOPI controller can be
written as
HOpen−Loop(s) = CFOPI(s)HFO(s). (5)
Mapping the Laplace plane to the frequency domain by
replacing s = jω gives the frequency domain open loop
transfer function
HOpen−Loop(jω) = CFOPI(jω)HFO(jω). (6)
The chosen tuning methodology is based on imposing
frequency domain specifications such that kp, ki and λ are
determined. The three parameters that need to be tuned are
determined by solving the system based on three nonlinear
equations obtained by imposing the gain crossover frequency
ωcg , phase margin φm and the iso-damping property of the
open loop system
|HOpen−Loop(jωcg) = 1
∠HOpen−Loop(jωcg) = −pi + φm
d∠HOpen−Loop(jω)
dω = 0|ω=ωcg
(7)
The first two equation of system (7) ensure a stable closed
loop system as well as a reduced settling time, while the
last equation ensures a certain degree of robustness to gain
uncertainties.
The chosen procedure is highly popular in the control
engineering field, especially for fractional order control de-
velopment. Works such as [3], [20], [21] detail the tuning
procedure for integer order processes with/without time delay.
The FOPI controller from (4) can be rewritten into it’s fre-
quency domain trigonometric representation using DeMoivre’s
formula
CFOPI(jw) = kp + kiω
−λ cos
λpi
2
− jkiω−λ sin λpi
2
. (8)
The FO model from (2) also needs to be expanded into
the frequency domain. Euler’s formula is used to express the
dead time into it’s trigonometric equivalent e−τjω = cos τω−
j sin τω. Hence, the frequency domain form of the FO model
can be written as
HFO(ω) =
kfo (cos τω − j sin τω)
Re(ω) + jIm(ω)
(9)
where
Re(ω) = c+ aωα cosα
pi
2
+ bωβ cosβ
pi
2
(10)
Im(jω) = aωα sinα
pi
2
+ bωβ sinβ
pi
2
(11)
By replacing (8) and (9) in (7) and imposing the gain
crossover frequency and the phase margin, the proportional
and integral gains, kp and ki as well as the fractional order of
differentiation λ are determined.
IV. CASE STUDY
A. Poorly damped process description
The experimental platform chosen as a case study for the
present work is a one degree of freedom helicopter developed
by National Instruments to illustrate vertical take-off and
landing (VTOL) concepts. The platform is presented in Fig. 1.
Fig. 1. Experimental poorly damped and time delayed platform
The red cantilever beam is equipped with a balancing weight
in the left side and a fan in the right side. The beam rotates
between -26 and 60 degrees around a fixed point located
at 1/3 near the balancing weight. The 0 degree position is
considered parallel to the ground. The position is measured
using an encoder around the fixed point. The angle between the
cantilever beam and the 0 degree line represents the position
of the beam which is considered the process’ output. The input
is given by the voltage applied to the motor actuating the fan.
The motor can receive a voltage input with values between [0
10] V.
From the system theory point of view, the process is highly
nonlinear caused by the circular pattern in which the beam
is allowed to move. The air propelled by the fan is dispersed
onto the fixed platform, it’s inertia thrusting the beam upwards.
However, the thrust force depends on the distance between the
beam and the fixed platform non-linearly. Apart from non-
linearity, the process also exhibits time delay characteristics
given by the time necessary for the fan to generate enough
thrust force to lift the beam.
The platform communicates real-time with LabVIEW
graphical programming language, used to acquire data and to
generate the control signal computed by the FOPI controller.
The operating sampling time is 0.005 ms.
B. Fractional order system identification
For identification purposes, a step signal of 6.3V is applied
to the input of the uncompensated process. The rotating beam
reaches the steady state regime after aprox. 12 s.
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Fig. 2. Integer and fractional orders system identification validated on
experimental 6.3V step response
The integer order SOPDT model is identified using basic
experimental techniques obtaining the following model
HSOPDT (s) =
22.24
s2 + 0.6934s+ 5.244
e−0.8s (12)
where k = 22.24, ζ = 0.1514, ωn = 2.29 and the time delay
τ = 0.8 s. The poorly damped nature of the process is reflected
through the value of ζ. As the value of the damping ratio ζ is
closer to 0, the response becomes more poorly damped.
The SOPDT model from (12) represents the starting candi-
date model in the optimization routine that minimizes the cost
function from (3). Additional boundary conditions are imposed
to protect the oscillatory nature of the system’s response such
as α ∈ [1.5 2.5], β ∈ [0.5 1.5] and the dead time amount
τ ∈ [0.5 1] s. The optimization is done using MatLAB’s
Optimization Toolbox with the fmincon function and ’active-
set’ algorithm. The result gives the fractional order transfer
function (FOTF) of the process.
HFOTF (s) =
4.2313
0.2s2.3208 + 0.41683s0.96 + 1
e−0.6s (13)
Fig. 2 shows the responses of the two obtained models as
well as the experimental step response of the process. It is
clear that the SOPDT model is a poor representation of the
step response, motivating the need of developing a higher
order model to describe the process. As can be seen, the
fractional order model is a much better alternative, expressing
the oscillatory dynamics in a more accurate manner.
C. Design of the fractional order PI controller
The FOPI controller is designed based on the FOTF repre-
sentation of the process from (13). The imposed constraints
are given by the gain crossover frequency ωcg = 0.4 rad/s
and the phase margin φm = 75 deg. The obtained controller
is
CFOPI(s) = 0.0023 +
0.1028
s0.9118
. (14)
The imposed open loop gain crossover frequency and phase
margin characteristics are met by the obtained FOPI controller.
Fig. 3 shows the Bode representation of the open loop system.
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Fig. 3. Bode diagram of the open loop system with FOPI controller
D. Experimental results
For experimental implementation purposes on the real plat-
form, the FOPI controller is approximated to a finite dimen-
sional transfer function as presented by [16]. The approxima-
tion method maps the fractional order Laplace domain directly
to its discrete representation by fitting the frequency responses
of the transfer function. The implemented recurrence relation
is based on a 7th order approximation with a sampling time
Ts = 0.005 s. The control action is computed using LabVIEW
which communicates real-time with the experimental platform.
Staircase reference tracking capabilities of the closed loop
system with the FOPI controller are experimentally as-
sessed in Fig. 4. A set of reference steps of amplitudes
(−15,−10,−5, 0, 5, 10) deg are given to the process. As can
be seen, the platform’s position is adjusted accordingly with a
0 steady state error and improved settling time. The command
signal is limited in the [0 10] V interval, saturation which is
never reached for the presented test scenario.
Additional experimental validation is realized through dis-
turbance rejection analysis. The test case implies giving a
constant step input of amplitude −15 deg and introducing an
input disturbance on the command signal of 0.5 V amplitude
at time t = 40 s. The experiment is presented in Fig. 5. The
disturbance is rejected in less than 5 s, returning the oscillating
beam to it’s −15 deg reference position.
Robustness has also been imposed as a design characteristic
through the iso-damping property. The Bode diagram from
Fig. 3 shows a straight line of the phase plot around the
gain crossover frequency. In order to practically validate the
robustness capabilities of the FOPI controller, a weight of
approx. 50 grams is added to the beam near the rotating
fixed point. A step reference input of −15 deg is given to
the closed loop system. The result is presented in Fig. 6.
The beam reaches it’s reference position with a larger settling
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Fig. 4. Experimental staircase reference tracking
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Fig. 5. Experimental disturbance rejection
time than the case of the unaltered system. This particular test
case proves that by altering the process’ dynamics, the FOPI
controller ensures a robust behavior.
The three experimental test cases presented validate the
efficacy of the developed FOPI controller for a fractional
order time delayed process in terms of reference tracking,
disturbance rejection and robustness capabilities.
V. CONCLUSIONS
The paper details the design methodology of a fractional
order PI controller specifically designed for fractional order
processes with time delay. The mathematical background of
the tuning procedure as well as of the fractional order identi-
fication procedure are detailed. The system identification and
control design methods are applied in a real life scenario on a
highly nonlinear, time delayed process. The obtained fractional
order model of the system’s dynamics is based on the second
order plus dead time model of the process. The obtained FOPI
controller is practically implemented and validated on the ex-
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Fig. 6. Experimental robustness validation
perimental platform, proving it’s efficacy in terms of reference
tracking, disturbance mitigation and robustness characteristic.
Both identification and control tuning approaches are tested
experimentally, offering real-life tests results in the field of
applied fractional calculus.
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